We focus on two approaches that have been proposed in recent years for the explanation of the so-called FPU paradox, i.e. the persistence of energy localization in the 'low-q' Fourier modes of Fermi-Pasta-Ulam nonlinear lattices, preventing equipartition among all modes at low energies.
I. INTRODUCTION
In a number of recent papers, Flach and co-workers [1, 2, 3] discussed the role of simple periodic solutions, called 'q-breathers', in the dynamics of the α− and β−versions of the Fermi-Pasta-Ulam model with fixed boundaries. A q-breather is the continuation, for α = 0 or β = 0, of the simple harmonic motion exhibited by the q−th-mode in the uncoupled case (α = β = 0) and implies motion by a unique frequency, which is nearly equal to the frequency of the q-th mode in the uncoupled case. For small values of the coupling parameters (and the energy), the distribution of energy in q-breathers stays localized in practice upon only a few modes. Thus, q-breathers offer new insight in understanding the problem of energy localization, as well as the long term deviations from equipartition of the energy among the modes, i.e. the origin of the FPU paradox [4] . (For a recent and comprehensive review on discrete breathers see [5] ).
Analytical estimates of various scaling laws concerning q-breathers can be obtained via the method of Poincaré-Lindstedt series [1, 2] . In particular, expanding the solutions for all the canonical variables up to the lowest non-trivial order with respect to the small parameters yields an exponentially decaying function for the average harmonic energy of the qth mode, E(q) ∝ exp(−bq). The value of b depends on: i) α and/or β, ii) the number of degrees of freedom N, and iii) the total energy E given to the system. The most important property of the q-breathers is that their energy profiles E(q) are quite similar to those of 'FPUtrajectories', i.e. solutions generated by initially exciting one or a few low-q modes, whose exponential localization has been noted since a long time ago [6, 7, 8, 9] . On the basis of this similarity it has been conjectured that there is a close connection between q-breathers and the energy localization properties of FPU-trajectories. It is intriguing, however, that this localization persists even for values of the parameters (coupling, energy and N) for which the corresponding q-breather solution has become unstable. A heuristic argument for interpreting this phenomenon was offered by Flach and Ponno [3] .
Adopting a different approach, Berchialla et al. [10] explored in detail the question of energy equipartition in FPU experiments where a constant (low-frequency) fraction of the spectrum (instead of just one mode) was initially excited. The numerical indication from this study, based on a limited range of values of E and N, was that the flow of energy across the high-frequency parts of the spectrum takes place exponentially slowly, by a law of the form T ∝ exp(ε −1/4 ), where T is the time needed for the energy to be nearly equally partitioned, and ε = E/N is the specific energy of the system. In fact, this dependence appears as a piecewise power law, with different 'best-fit' slopes in different ranges of values of ε. For example, a power-law behavior of the type T ∝ ε −3 was found in a subinterval of ε values considered in [10] , which fits nicely previous results on the scaling of the equipartition time with ε beyond a critical 'weak chaos' threshold reported in [11] . Nevertheless, the question of whether the scaling laws characterizing the approach to equipartition depend on the total energy E, or the specific energy E/N is still open, since no rigorous results have been provided so far in the literature. On the other hand, numerical results are available over a limited range of values of E and N, in which E is varied proportionally to N. Various semi-analytical or numerical approaches to this question are reviewed in [12] .
Interestingly enough, even if one starts by exciting one mode with large enough energy, one observes, long before equipartition, the formation of metastable states coined 'natural packets' [13] , in which the energy undergoes first a kind of equipartition among a group of low-frequency modes, as if only a fraction of the spectrum was initially excited. We may thus conclude that the phenomenon of metastability characterizes FPU-trajectories resulting from all types of initial excitations of the low frequency part of the spectrum (see [14] for a review of the 'history' of the metastability scenario in the FPU problem). Furthermore, empirical scaling laws can be established [13] concerning the dependence of the 'width' of a packet on the specific energy ε. These are consistent with the laws of energy localization obtained via either a continuous Hamiltonian model which interpolates the FPU dynamics in the space of Fourier modes [15, 16] , or the q-breather model [3] . A difference, however, between the two models is that in the framework of the continuous model the constant b in E(q) ∝ exp(−bq) turns out to be independent of E.
The results reported in the present paper aim to provide a more complete explanation of the FPU paradox of energy non-equipartition by reconciling the presence of q-breathers and their induced energy localization on the one hand, with the occurrence of metastable packets of low-frequency modes on the other.
To extend the results obtained for FPU-trajectories in [10, 11] , let us observe that the packet of modes excited in these experiments corresponds to the modes with spectral numbers satisfying the condition (N + 1)/64 ≤ q ≤ 5(N + 1)/64, with N equal to a power of two minus one. For simplicity, let us alter this slightly and consider, instead, the condition 1 ≤ q ≤ 4N/64, with N a power of two. The lowest possible value of N allowed is N = 16, for which the above condition implies that only the q = 1 mode is initially excited, giving a solution close to a q-breather, which is an orbit lying on an invariant one-torus of the system. Now, if N is doubled (N = 32), the same condition implies that modes q = 1 and q = 2 may now be excited, meaning that the resulting FPU-trajectories may be regarded as lying close to an invariant two-torus of the system N = 32. In general, for N = 16s, the modes q = 1, 2, . . . , s are initially excited and the motion should be regarded as lying close to an invariant s-torus of the system. The same holds true when natural packets of width s are formed in experiments in which the initial conditions are as adopted in [13] .
This leads to the idea that the properties of the FPU-trajectories could be understood by considering classes of special solutions lying not only on one-dimensional tori (as is the case with q-breathers), but also on tori of any low dimension s << N, i.e. solutions with s independent frequencies, representing the continuation of motions resulting from exciting s modes of the uncoupled case. Generalizing the concept of q-breathers, we call q-tori the quasiperiodic solutions solutions on such low-dimensional tori. The main body of the present paper, therefore, focuses on exploring the properties of these q-tori solutions, both analytically and numerically. In particular, we establish for q-tori energy localization laws analogous to those for q-breathers, using a semi-analytical approach. Our numerical experiments then show that such laws describe accurately the properties not only of exact q-tori solutions, but also of FPU trajectories with nearby initial conditions.
Our work shares a common starting point with a recent paper by Giorgilli and Muraro [17] , where the authors have also explored the idea of FPU trajectories being confined on lower-dimensional manifolds embedded in the 2N-dimensional FPU phase space. Their main result, proving that the confinement persists for times exponentially long in the inverse of ǫ, is obtained in the spirit of the theory of Nekhoroshev [18, 19] , using a variant of the formulation of the Nekhoroshev theorem for 'isochronous' systems [20, 21, 22, 23, 24] . In fact, the theory of Nekhoroshev appears to offer quite a natural framework for studying analytically the metastability scenario.
However, as has been pointed out quite early [25] a naive application of the Nekhoroshev theory in the FPU problem would break down as N → ∞, since, under the assumption that the Nekhoroshev time T depends on the specific energy ε, in the estimates T ∼ exp(1/ε c ) of the theory the exponent is of the form c = O(1/N) (see [24] for a heuristic explanation). This bad dependence of c on N actually implies that T = O(1) as N → ∞, hence Nekhoroshev's theory fails to predict long times for equipartition in that limit (a relevant theoretical result has only been obtained in lattices where a clear separation of the frequencies occurs into a low and high band; the low frequencies then become small parameters, see [26] ). In [17] one has instead c = O(1/m), where m is one-half the dimension of the lower-dimensional manifold where confined FPU trajectories are expected to lie. This constitutes a significant improvement with respect to previous estimates, but still does not explain the natural packets correctly, since the latter's width was found in numerical experiments to vary as
, i.e. proportionally to N, for fixed ε.
Our analytical theory relies on the use of the Poincaré -Lindstedt method, through which we find scaling laws for the energy profile E(q) of a trajectory lying exactly on a qtorus. The consistency of the Poincaré-Lindstedt construction on a Cantor set of perturbed frequencies (or amplitudes) is explicitly demonstrated. Numerically, we find that energy localization persists for appreciably long times, for trajectories neighboring a q-torus, even beyond the energy threshold where the q-torus becomes linearly unstable. The determination of linear stability for an s-dimensional torus (s > 1) is, of course, a subtle question, since no straightforward application of Floquet theory is available, as in the s = 1 case. Nevertheless, by employing an effective and reliable criterion for the stability of q-tori via the use of the recently developed method of 'Generalized Alignment Indices' (GALI, see [27] ), we are able to determine approximate critical parameter values at which a low-dimensional torus turns unstable, in the sense that orbits in its vicinity display chaotic behavior.
It is important to remark at this point that, although the Poincaré-Lindstedt approach is quite distinct from the Birkhoff method used in Nekhoroshev theory, it appears that the properties of exponential localization can be exploited to demonstrate (by subsequent use of the Birkhoff method), an even better behavior of the exponent c of Nekhoroshev estimates than can be found in the literature so far. A detailed exploration of this issue is deferred to a separate study. Nevertheless, a heuristic argument offered in the closing section of this paper suggests that the removal of the dependence of c on the number of degrees of freedom is possible, at least for trajectories close to q-breathers.
Our paper is structured as follows: Section 2 presents our analytical results on the existence and scaling laws of the 'q-tori'. We deal here only with the β−case, but our approach can be readily extended to the α−case as well. We focus on the specific and most rele-vant subset of 'q-tori' corresponding to zeroth order excitations of a set of adjacent modes q 0,i = i, i = 1, . . . , s, whose energy profile E(q) is calculated analytically. Next, our analytical predictions are tested against numerical integration of specific orbits. Section 3 examines the question of stability of q-tori and the persistence of energy localization of the FPU-trajectories when the linear stability of the 'underlying' q-tori is lost. Finally, we deal with the question of the long-term stability of exponentially localized FPU-trajectories, via heuristic estimates inspired by Nekhoroshev's theory. Section 4 summarizes the main conclusions of the present study.
II. EXISTENCE AND STABILITY OF q-TORI
A. The FPU β-model
The β−FPU Hamiltonian for a lattice of N particles reads:
where x k is the k-th particle's displacement with respect to the equilibrium position and y k is its canonically conjugate momentum. Fixed boundary conditions are defined by setting
The normal mode canonical variables (Q q , P q ) are introduced by the linear canonical transformations
Substitution of (2) into (1) yields the Hamiltonian in the form H = H 2 + H 4 in which the quadratic part is diagonal
with normal mode frequencies
The quartic part of the Hamiltonian reads
where the coefficients C q,l,m,n take non-zero values only for particular combinations of the indices q, l, m, n, namely
in which all possible combinations of the ± signs are taken into account. Thus, in the new canonical variables, the equations of motion are:
If β = 0, the individual harmonic energies
q )/2 are preserved by Eqs. (7), i.e. the energies E q form a set of N integrals in involution. When β = 0, however, the harmonic energies become functions of time and only the total energy E = N q=1 E q (t) is conserved. The specific energy is then defined as ε = E/N, while the average harmonic energy of each mode over a time interval 0 ≤ t ≤ T is given by the integralĒ q (T ) =
In classical FPU experiments, one starts with the total energy shared only by a small subset of modes. Then, for short time intervals T , we have E q (T ) ≃ 0 for all q corresponding to non-excited modes. Equipartition means that, due to the nonlinear terms, the energy will eventually be shared equally by all modes, i.e.
The usual ergodic assumption of statistical mechanics leads to the conclusion that (8) is violated only for orbits resulting from a zero measure set of initial conditions. The FPU paradox owes its name to the crucial observation that large deviations from the approximate equalityĒ q (T ) ≃ ε occur for many other orbits as well. Depending on the initial conditions, these deviations are termed 'FPU recurrences' and are seen to persist even when T becomes very large.
B. q-tori and their construction by Poincaré-Lindstedt series
From the above discussion, one infers that the dynamics of FPU recurrences is governed by particular solutions of the FPU equations (7) for which energy localization occurs only on a small subset of Fourier modes. Such solutions lie on tori of low-dimensionality, which we shall henceforth call 'q-tori', since they also turn out to be exponentially localized in Fourier space, like the 'q-breather' solutions discussed in [1, 2] .
We now introduce the main ingredients of our method of q-torus construction, using an explicitly solved example for N = 8, whose solutions lie on a two-dimensional torus representing the continuation, for β = 0, of the quasiperiodic solution of the uncoupled (β = 0) system Q 1 (t) = A 1 cos Ω 1 t, Q 2 = A 2 cos Ω 2 t, for a suitable choice of A 1 and A 2 .
To this end, we follow the Poincaré -Lindstedt method and look for solutions Q q (t), q = 1, . . . , 8 expanded as series in the parameter σ = β/2(N + 1), namely
For the motion to be quasiperiodic on a two-torus, the functions Q q (t) must, at any order r, be trigonometric polynomials involving only two frequencies (and their multiples).
Furthermore, for the motion to represent a continuation of the unperturbed solutions Q 1 and Q 2 , the frequencies ω 1 and ω 2 must be small corrections of the normal mode frequencies Ω 1 , Ω 2 . According to the Poincaré -Lindstedt method, these new frequencies are also given by series in powers of σ, as:
The corrections are determined by the requirement that all terms in the differential equations of motion, giving rise to secular terms (of the form t sin ω q t etc.) in the solutions Q q (t), be eliminated.
Let us consider the equation of motion for the first mode, whose first few terms on the right hand side (r.h.s) are:
Proceeding with the Poincaré -Lindstedt series, the frequency Ω 1 is substituted on the l.h.s.
of Eq.(11) by its equivalent expression obtained by squaring (10) and solving for Ω 2 1 . Up to first order in σ this gives
Substituting the expansions (9) into (11), as well as the frequency expansion (12) into the l.h.s. of (11), and grouping together terms of like orders, we find at zeroth orderQ
Repeating the above procedure for modes 2 and 3, we find that their zeroth order equations also take the harmonic oscillator form:
Note that the corrected frequencies ω 1 , ω 2 appear in the zeroth order equations for the modes 1 and 2, while the uncorrected frequency Ω 3 appears in the zeroth order equation of the mode 3 (similarly, Ω 4 , . . . , Ω 8 appear in the zeroth order equations of the modes 4 to 8).
Continuing the construction of a solution which lies on a two-torus, we start from particular solutions of (14) (with zero velocities at t = 0) which read:
where the amplitudes A 1 , A 2 , A 3 are arbitrary. If the solution is to lie on a two-torus with frequencies ω 1 , ω 2 , we must set A 3 = 0, so that no third frequency is introduced in the solutions. In the same way, the zeroth order equationsQ (13) is simplified dramatically and upon substitution of Q (0)
2 (t) = A 2 cos ω 2 t reduces to:
This can now be used to fix ω
1 so that no secular terms appear in the solution, yielding
while, after some simple operations, we find for Q
1 :
which has a similar structure as the first order solution of the first mode. For the third order term there is no frequency correction, and we find
We may thus proceed to the sixth mode to find solutions in which all the functions
6 are equal to zero, while the functions Q
3 , . . . , Q
6 are non zero. However, a new situation appears when we arrive at the seventh and eighth modes. A careful inspection of the equation for the term Q 
shows that there can be no term on the r.h.s. which does not involve some of the functions
8 . Again, this follows from the selection rules for the coefficients of Eq. (6) . Since all these functions are equal to zero, the r.h.s. of Eq.(19) is equal to zero. Taking this into account, we set Q 7 (t) = 0, so as not to introduce a third frequency Ω 7 in the solutions, whence the series expansion (9) for Q 7 (t) necessarily starts with terms of order at least O(σ 2 ). The same holds true for the equation determining Q (16) - (18) (and those of subsequent orders) are meaningful only when the frequencies appearing in the denominators satisfy no commensurability condition. The spectrum of uncorrected frequencies Ω q , given by (4), is fully incommensurable only if N is either a prime number minus one, or a power of two minus one [28] . In all other cases, there are commensurabilities among the unperturbed frequencies, examples of which are given e.g. in [29] . However, such commensurabilities do not affect the consistency of the construction of the Poincaré-Lindstedt series, because it can be shown that no divisors of the form N q=1 n q Ω q appear in the series at any order and for any integer vector n ≡ (n 1 , n 2 , . . . , n q ) = (0, 0, . . . , 0). The proof of this statement follows from the fact that the kernel differential equations (like Eq. (15)) determining all terms Q (k) q , q = 1, . . . 8 at order k read: 
for n 1 , n 2 ∈ Z, |n 1 | + |n 2 | = 0, whence we deduce that no zero divisors can ever show up in the Poincaré-Lindstedt series due to commensurabilities between the unperturbed frequencies Ω q . On the other hand, we can also exclude the appearance of zero divisors due to the perturbed frequencies ω 1 , ω 2 , if the frequencies in a quasiperiodic solution are fixed in advance so that the two frequencies do not belong to the countable set of all planes defined by the relations (n 1 ± 1)ω 1 + n 2 ω 2 = 0, n 1 ω 1 + (n 2 ± 1)ω 2 = 0, Ω q + (n 1 ω 1 + n 2 ω 2 ) = 0, q = 3, . . . 8, for all integer values n 1 , n 2 ∈ Z, |n 1 | + |n 2 | = 0. We stress that fixing the frequencies in advance is a necessary ingredient of the Poincaré -Lindstedt method, since otherwise the equations at all orders (as, for example, Eqs. (16), (17) and (18)) would not be solvable. Furthermore, this frequency specification is analogous to the procedure followed in the construction of Kolmogorov's normal form representing solutions on KAM tori (see [30] for a detailed comparison of the two methods). Since the frequencies ω 1 , ω 2 are functions of the amplitudes A 1 , A 2 , one deduces that the formal consistency of the method can be established in the complement of all excluded planes, i.e. a Cantor set in either the frequency space (ω 1 , ω 2 ) or the amplitude space (A 1 , A 2 ).
The above demonstration of consistency is readily generalized to the construction of sdimensional q-tori by the nonlinear continuation of the set of linear modes q i , i = 1, ..., s.
Namely, one can demonstrate that the consistency holds on a Cantor set of amplitude multiplets (A q 1 , A q 2 , . . . , A qs ) such that the resulting perturbed frequencies ω q i , i = 1, . . . , s not lie on any one of the planes: 
Fixing the values of the frequencies ω q in advance implies that Eqs. (21) should be regarded as yielding the (unknown) amplitudes A k for which the quasiperiodic solution exhibits the chosen set of frequencies on a Cantor set in the space of the amplitudes A 1 , . . . , A s . The case s = 1 implies that the same property holds for the Poincaré -Lindstedt series representing q-breathers [2] . That is, while by Lyapunov's theorem the continuation of the periodic orbits is guaranteed in an open domain of values A q0 , Poincaré-Lindstedt series can only be constructed on a Cantor subset of this domain. Yet, this is sufficient for our present purpose, which is to determine by a semi-analytical approach scaling laws for the energy localization on q-tori (or q-breathers).
ii) Convergence. Even after consistency is demonstrated, no proof has yet been provided for the convergence of the series. As demonstrated in the works of Eliasson [31] and Gallavotti [32, 33] , the question of convergence of the Lindstedt series is notoriously difficult even in simple Hamiltonian systems. This is because the Lindstedt series for orbits on 
GALI (2) GALI (3) GALI (4) GALI (5) GALI (6 invariant tori are convergent, but not absolutely (see the review by Giorgilli [34] ). On the other hand, it is possible to make an absolutely convergent classical expansion by use of the Kolmogorov normal form as developed by Giorgilli and Locatelli [35] . Such analysis, however, is quite cumbersome and will be deferred to another publication as it would obscure the results presented here.
Thus, we prefer to justify our previous statements by numerical simulations, taking our initial conditions from the analytical solutions (9) at t = 0 and using the GALI method [27] to demonstrate that the solutions lie, indeed, on two-dimensional tori, as shown in Figure 1 .
The numerical solution for the modes Q 1 (t), Q 3 (t) and Q 7 (t) is checked against the analytical solution via the Poincaré-Lindstedt series, truncated at second order with respect to σ, when N = 8, β = 0.1, and A 1 = 1, A 2 = 0.5. The size of the error is found to be precisely that expected by the truncation order in Fig.1a -c, while in Fig.1d the GALI method shows that the numerical orbit lies on a 2-torus.
Let us recall that according to Skokos et al. [27] , the indicators GALI k , k = 2, 3, ..., for chaotic orbits, decay exponentially fast, due to the attraction of all deviation vectors by the most unstable direction corresponding to the maximal Lyapunov exponent. On the other hand, if an orbit lies on a stable s-dimensional torus, the indices GALI 2 , . . . , GALI s oscillate about a non-zero value, while the GALI s+j , j = 1, 2, .. follow asymptotically power laws falling at least as t −j .
This is precisely what we observe in Fig. 1d . Namely, after a transient initial interval
(required for phase mixing to become effective), the GALI 2 index stabilizes at a constant value GALI 2 ≃ 0.1, while all subsequent indices, starting from GALI 3 decay following a power law as predicted by the theory. The time for phase mixing is estimated to be of order
This implies that beyond t = 10 4 we should observe the expected asymptotic behavior of the GALI indices to set in, as is the case in Fig.1d . Thus, we conclude that the motion lies on a 2-torus, exactly as predicted by the Poincaré-Lindstedt construction, despite the fact that some excitation was provided initially to all modes. given by the first two terms in the sinus expansion of (4) namely: 
In general, the terms produced at consecutive orders involve products of divisors, whose influence on the size of the series terms must be taken into account as regards estimates of the profile of energy localization for the q-tori solutions, as explained in subsection II.D below. 
GALI (2) GALI (3) GALI (4) GALI (5) GALI ( Let us, therefore, extend our approach to a more general consideration of the structure of the solutions lying on low-dimensional tori. Using the Poincaré -Lindstedt method, a solution and its frequencies are expanded in series of the form where ω
q ≡ Ω q . Substituting (23) into the equations of motion (7) and separating terms of like orders, the equations at order k read
Note that Eqs. (24) are still quite general. Let us consider, therefore, the case where only a subset of modes 1 ≤ q 1 < q 2 < ... < q s < N are excited at the zeroth order of the perturbation theory, assuming that Q (0) q = 0 iff q ∈ {q 1 , q 2 , . . . , q s }. The modes q 1 , . . . , q s need not be consecutive. We wish to see how this type of zeroth order excitation propagates at subsequent orders. More specifically, we wish to determine for which q values one has 
Then, besides the terms Q k q i (t), the Poincaré-Lindstedt series terms Q that no new modes are excited at any subsequent order, which is in agreement with a well known result [36] (see also [37] ).
2-dimensional q-tori:
Assume we excite the modes q 1 = 1, q 2 = 2 at zeroth order. At first order (k = 1) we have again q = |q i 1 ± q i 2 ± q i 3 | with i 1 , i 2 , i 3 ∈ {1, 2}. We readily find that the newly excited modes are q = 1 + 1 + 1 = 3, q = 1 + 1 + 2 = 4, q = 1 + 2 + 2 = 5, and q = 2 + 2 + 2 = 6. At order k = 2, the first newly excited mode is q = 1 + 1 + 1 + 2 + 2 = 7, while the last newly excited mode is q = 2 + 2 + 2 + 2 + 2 = 10. In general, at order k ≥ 1 the newly excited modes are 2(2k − 1) + 1 ≤ q ≤ 2(2k + 1).
s-dimensional q-tori: Assume we excite the modes q 1 = 1, q 2 = 2, . . ., q s = s at the zeroth order. In the same way as above we find that the newly excited modes at order k ≥ 1 are s(2k − 1) + 1 ≤ q ≤ s(2k + 1).
More complicated choices of the initially excited modes q 1 , . . . , q s lead to very interesting localization patterns that will be the subject of a separate study.
D. Profile of the energy localization
In order to study now in Fourier space energy localization phenomena associated with FPU-trajectories, let us construct estimates for all Q q (t) terms participating in a particular q-torus solution in which the s first modes (q 1 , q 2 , . . . , q s ) = (1, 2, . . . , s) are excited at zeroth order of the theory, with amplitudes A 1 , A 2 , . . . , A s respectively.
Denoting by q (k) the indices of all modes which are newly excited at k-th order, according to the proposition of the previous subsection, one has
whence the following useful estimates are obtained
Let us now define the 'majorant' norm in the space of trigonometric polynomials f
where A k are the coefficients of a trigonometric polynomial with, say (for simplicity), only cosine terms
The quantity (29) satisfies all properties of the norm. Since the series terms of a mode
where
Assuming that the Lindstedt series are convergent, omission of explicit reference to higher order terms Q (k+1)
. ., is justified as long as only an estimate of the size of the oscillation amplitude of the mode q (k) is sought.
The average size of the oscillation amplitudes of each mode along an s-dimensional qtorus follows now from estimates on the norms of the various terms appearing in Eq.(31). If we denote by A (k) the mean value of all the norms ||Q q (k) ||, we find the following estimate:
where A 0 ≡ A (0) is the mean amplitude of the oscillations of all modes excited at the zeroth order of the perturbation theory, and C is a constant of order O(1). The proof of (32) is deferred to Appendix B, in which the analytical estimate C ≃ 3/2 is given. In fact, (32) is a straightforward generalization of the estimate given in Flach et al. [2] for q-breathers, while the two estimates become identical (except for the precise value of C) if one sets s = 1 in Eq. (32), and q 0 = 1 in Flach's q-breathers formulae.
Thus, the q-tori provide an explanation for the results reported in [10] and [11] and offer a bridge between the 'natural packet' approach and the interpretation of energy localization for FPU-trajectories based on q-breathers. In particular, the physical picture suggested by the above analysis is that, starting with initial conditions near q-breathers, a 'backbone' is formed in the phase space by a hierarchical set of solutions which are, precisely, the solutions lying on low-dimensional q-tori (of dimension s = 1, 2, ..., s << N). All FPU-trajectories with initial conditions within this set exhibit a profile of the energy localization characterized by a 'stepwise' exponential decay, with step size equal to 2s, as implied by Eq. (27) . All the modes q (k) ∈ M k,s share a nearly equal mean amplitude of oscillations, which follows the estimate of Eq.(32).
Using (32), we find it convenient to obtain 'piecewise' estimates of the energy of each group using a formula for the average harmonic energies E (k) of the modes q (k) . To achieve this, note that the total energy E given to the system can be estimated as the sum of the energies of the modes 1, . . . , s (the remaining modes yield only small corrections to the total energy), i.e.
On the other hand, the energy of each mode q (k) can be estimated from
which, in terms of the total energy E, yields
Once again, the similarity of Eq.(33) with the corresponding equation for q-breathers is obvious. The latter equation reads [2] 
where q 0 is the unique mode excited at zeroth order of the perturbation theory. Note, in particular, that the integer s plays in Eq.(33) a role similar to that of q 0 in Eq. (34) . This means that the energy profile of a q-breather with q 0 = s presents the same exponential law as the energy profile of the s-dimensional q-torus. But the most important feature of the latter type of solutions is that the profile remains unaltered as N increases, provided that:
i) a constant fraction M = s/N of the spectrum is initially excited, (i.e. that s increases proportionally to N), and ii) the specific energy ε = E/N remains constant. Indeed, in terms of the specific energy ε, (33) takes the form
i.e. the profile becomes independent of N. A similar behavior is recovered in the q-breather solutions provided that the 'seed' mode q 0 varies linearly with N, as was shown in detail in refs. [38, 39] .
E. Numerical results for FPU-trajectories
Examples of the 'stepwise' profiles predicted by Eq. (33) The resulting trajectories differ from q-tori solutions as follows: In the q-tori all modes have an initial excitation, whose size was estimated in Eqs. (32) or (33), while in the case of the FPU trajectories only the s first modes are excited initially, and one has Q q (0) = 0 for all modes q > s. Furthermore, since in the q-tori solutions one also has ||Q q>s (t)|| << ||Q q≤s (t)|| for all t, the FPU trajectories can be considered as lying in the neighborhood of the q-torus solutions, at least initially. The numerical evidence is that if E is small, they remain close to the q-tori even after relatively long times, e.g. t = 10 6 . This is exemplified in Fig. 4 , in which one sees that the average energy profiles of the When we increase the energy, the FPU-trajectories resulting from s initially excited modes start deviating from their associated exact q-tori solutions. As a consequence, the energy profiles of the FPU-trajectories start also deviating from the energy profiles of the exact s-tori. This is evidenced by the fact that the profiles of the FPU-trajectories become smoother, and the groups of modes less distinct, while retaining the average exponential slope predicted by Eq. (35) . This 'smoothing' of the profiles is discernible in Fig. 5a , in which the energy is increased by a factor 50 with respect to Fig. 4d , for the same values of N and β. Also, in Fig. 5a we observe the formation of the so-called 'tail', i.e. an overall rise of the localization profile at the high-frequency part of the spectrum, accompanied by spikes at particular modes. This is a precursor of the evolution of the system towards equipartition, which manifests itself earlier in time for larger energies. Nevertheless, the important remark is that the phenomenon of exponential localization of the FPU trajectories persists, and is still characterized by laws like Eq. (33), even when the energy is substantially increased. Furthermore, at energies beyond a threshold value, an interesting phenomenon occurs which is worth mentioning: For fixed N (see e.g. Figure 5 , where N = 64), as the energy increases, a progressively higher value of s needs to be used in Eq. (33), so that the theoretical profile yields an exponential slope that agrees with the numerical data.
As evidenced in Fig. 5 for β = 0.3, N = 64, the threshold is E ≈ 0.1. This value splits the system in two distinct regimes: One for E < 0.1, where the numerical data are well This behavior is analogous to the 'natural packet' scenario described by Berchialla et al. [13] , in which a set of modes is seen to share the energy after some time even if this energy is initially given to only the first mode. These authors also observed that the law giving the localization profile of their metastable states stabilizes as the energy increases. Indeed, according to Eq.(33), such a stabilization implies that in the second regime the width s depends asymptotically on E as s ∝ E 1/2 , or, from Eq.(35) that M ∝ ε 1/2 . This agrees well with estimates on the width of natural packets formed by the β−FPU model described in [12] .
III. STABILITY OF THE MOTION NEAR q-TORI

A. Linear stability
The linear stability of q-breathers can be studied by the implementation of Floquet theory (see [2] ), which demonstrates that a q-breather is linearly stable as long as
This result is obtained by analyzing the eigenvalues of the monodromy matrix of the linearized equations about a q-breather solution constructed by the Poincaré -Lindstedt series.
Numerical verification can also be used to analyze the dynamics about the fixed point corresponding to a q-breather under the Poincaré map of the flow of Eqs.(7).
In the case of q-tori the above techniques are no longer available. Nevertheless, a reliable numerical criterion for the stability of q-tori is provided by the GALI indices [27] .
According to this method, if a q-torus becomes unstable beyond a critical energy threshold, the deviation vectors of trajectories started exactly on the q-torus are attracted by its unstable manifold, whence all the GALI indices beyond and including GALI k+1 (k being the dimension of the unstable manifold) fall exponentially fast. Naturally, if one starts with trajectories in the vicinity of an unstable q-torus, these trajectories are weakly chaotic. Thus, it turns out that all GALI indices start falling exponentially after a transient time, and this can be checked by calculating the time evolution of the lowest index, i.e. GALI 2 .
Using this criterion, we examined the stability of q-tori and determined approximately the value of the critical energy E c at which a q-torus turns from stable to unstable. 6 shows an example of this calculation using FPU trajectories started close to a 2-torus.
The quantity A shown in the ordinate corresponds to a calculation keeping N fixed and varying β, until a critical energy E c is determined, beyond which the GALI 2 index loses its asymptotically constant behavior. All calculations refer to a maximum time t max = 10 7 up to which we require that the exponential fall-of of GALI 2 must have been observed (in general E c decreases as t max increases, tending to an asymptotic limit as t max → ∞). The values of E c found this way provide upper estimates for the transition energy at which the exact q-torus turns from stable to unstable, i.e., for any choice of t max the transition energy is lower than the value of E c found by the GALI 2 method.
As expected, due to the obvious scaling of the FPU Hamiltonian by β, the critical energy for all considered values of N turns out to be well fitted by a power law E c = Aβ −1 . However, the fitting constant A depends also on N, as seen in Fig. 6 . From the triangle data in the figure it is clear that the dependence of A on N is weaker than N −1 , i.e. the law predicted by (36) for the q-breathers. On the other hand, the dependence A ∝ N −1 was approximately found for FPUtrajectories started close to a q-breather, where only the mode q = 1 is initially excited. In that case the numerical data (filled circles) have a slope close to that predicted by Eq.(36), although the whole numerical curve is shifted upwards with respect to the dashed line, a fact verifying that the GALI 2 method yields critical energies E c which are higher than the value at which the q-breather becomes unstable.
The weak dependence of A on N on the upper curve of Fig. 6 is a numerical indication that the q-tori solutions are more robust than the q-breathers regarding their linear stability.
This numerical behavior is related to the results of the previous subsection, which indicate that the number of modes excited initially does not always coincide with the dimension of the q-torus which the FPU-trajectory eventually approaches. Also, the destabilization of simple periodic orbit represented by a q-breather does not imply that the tori surrounding the breather are also be unstable.
At any rate, the most important remark concerning the linear stability of q-breathers or qtori is that the exponential localization of FPU trajectories persists even after the associated q-breathers or q-tori have been identified as linearly unstable by the GALI criterion. This behavior is exemplified in Figure 7 , where panels (a) and (c) show the time evolution of the GALI 2 index for two FPU trajectories started in the vicinity of 2-tori of the N = 32
and N = 128 systems, when β = 0.1 and t max = 10 7 . In both cases, the energy satisfies E > E c , as the exponential fall-off of the GALI 2 index is already observed at t = 10 7 .
However, a simple inspection of Figs. 7b,d clearly reveals that the exponential localization of the energy persists in the Fourier space of both systems. In fact we have found that the exponential localization persists for energies much larger than E c , but for timescales which become smaller as E increases.
B. A heuristic argument on exponential stability
The results of the previous subsection confirm the observation made on the basis of numerical experiments in [10] , that a result establishing exponential stability for FPU trajectories close to q-tori should be possible. This has already been discussed in the introduction, where we mentioned a partial result in this direction obtained recently in [17] . It was pointed out, however, that so far the main obstruction to precise analytical statements lies in the bad dependence of all existing estimates on N.
Thus, in closing our paper, we would like to offer a heuristic argument on how the property of exponential localization of the energy for particular FPU trajectories could serve as a basis for further improvement of rigorous results. For definiteness, we refer below to the case of FPU-trajectories for which the question of exponential stability can be examined in the framework of a variant of Birkhoff's method due to Giorgilli [20] , based on the direct calculation of approximate integrals of motion without the use of normal forms [40, 41, 42] .
The trajectories we are referring to have initial conditions close to a particular family of q-breather solutions considered in [38, 39] , whose 'seed mode' q 0 varies proportionally to N.
We thus take the seed mode to vary as q 0 = (N + 1)/2µ, where µ can be any large number that is a power of two, while N is a power of two minus 1, so that no commensurabilities exist in the set of N unperturbed FPU frequencies Ω q , q = 1, ...N. The exact q-breather solution oscillates with just one frequency and thus lies on a one-dimensional torus. However, perturbing this trajectory, we obtain solutions lying on µ−dimensional tori involving the modes q = (2j − 1)q 0 , j = 1, 2, ..., µ. Furthermore, the energy localization profile for the q-breather solution is the same as that of a s-dimensional q-torus solution with s = q 0 given by Eq. (35), where M = q 0 /N ≃ 1/2µ.
Let us assume that this localization profile holds also initially for the FPU-trajectory that is a perturbation of the exact q-breather solution. Our aim then is to demonstrate that when one establishes estimates of exponential time of stability T ∼ exp(1/ε c ) for the energy localization profile of this type of FPU-trajectories, the exponent c does not depend on the number of degrees of freedom (i.e. is independent of µ), despite the diophantine character of the unperturbed frequencies Ω q of the µ modes q = (2j − 1)q 0 , j = 1, 2, ..., µ.
To this end, we recall that, according to [20] , the question of the long-term stability of particular trajectories can be examined by constructing approximate integrals of motion in the form of truncated series starting with harmonic energies
where Φ (r) j is an rth degree polynomial in the canonical variables (q 1 , . . . , q N , p 1 , . . . , p N ) defined by
and Φ (2) j ≡ E j = iΩ j p j q j . The functions Φ 
which has the same algebraic structure as the homological equation of Birkhoff's normaliza-tion scheme. The solution reads
where use is made of the compact notation q m p n ≡ q It is well known that the series (37) is asymptotic. We thus consider the rth order finite truncation Φ j,r = Φ
representing an approximate integral of motion whose time variation is given by
The quantity R j,r is called the remainder function. The asymptotic character of the series implies that the size of R j,r decreases initially as r increases, up to an optimal order r = r opt beyond which the size of the remainder increases with r, becoming ultimately divergent as r → ∞. Recursive application of the homological equation (39) (see [20] , [24] for details)
yields that the size of the remainder at order r can be estimated by
where ||R j,r || denotes the absolute sum of the polynomial coefficients h m,n for all (m, n) with |m| + |n| = r and a k , k = 4, 6, ..., r − 2, denotes the minimum of all divisors (m − n) · Ω, 
j .
Our heuristic argument now goes as follows: Since in the considered trajectories the total number of participating modes is equal to µ, and N is a power of two minus one, the associated divisors satisfy a diophantine condition of the form
with τ > µ − 1. The estimate τ ∼ µ holds for µ large. One then has a r−2 a r−4 ...a 4 ∼ γ r−4 2 (r − 2)!! −µ , which, upon substitution in (42) leads to:
where the estimate ||H 4 || = O(β/N) is taken into account and C * is a O(1) positive constant. These estimates, based on small divisors, are standard and lead by themselves to no improvement as far as the dependence of the asymptotic character on µ is concerned.
However, an improvement can be achieved if we also take into account the numerators of the remainder series, which for FPU-trajectories possess the exponential localization profile shown in Eq. (34) . In other words, the size of the remainder depends also on the size of the monomials
where ξ k stands for either q k or p k , since each term of the remainder consists of one such monomial multiplied by a coefficient bounded by an estimate of the form (44). In view of Eq.(38), one has |Ω
k . Thus, taking into account the form of the profile (34), the size of the above monomial at the rth order of normalization can be estimated as: 
where D * is a new constant. Combining now the estimates (45) and (44) yields a final estimate for the size of the remainder of the form
The optimal order of truncation is found by taking the logarithm of (46), using Stirling's formula log n! ≈ n log n − n, as well as r − 2 ≈ r (for r large), using d log ||R r ||/dr ∼ 0. We thus find r opt ∼ 1/ε, whence the optimal value of the remainder is
i.e. the time variations of the integrals Φ j,ropt are exponentially small in 1/ε. This yields an estimate of exponential stability of the form T ∼ exp(1/ε c ), where c = 1, i.e. the number of degrees of freedom no longer appears in the exponent c. Compared to general estimates yielding c ∼ 1/µ, it is seen that the removal of the dependence of c on µ was possible thanks to the assumed exponential scaling of the energy localization profile, that allows for the estimate (45). In turn, since this localization profile is the same as for q-tori, the above analysis is suggestive of the usefulness of exponential localization in q-space in order to obtain improved estimates in the case of q-tori solutions as well. However, in the lack of a rigorous demonstration, it remains an open question whether such strategy can lead to estimates of a stretched exponential law for the dependence of ||R opt || on ε, as evidenced also to a limited extent by the numerical experiments of [10] .
IV. CONCLUSIONS
The main conclusions of the present study can be summarized as follows:
We introduced the concept of q-tori in FPU lattices, which represent a generalization of the concept of q-breathers. The q-tori have low dimensionality s << N, and arise from the continuation of motions with s independent frequencies of the unperturbed problem.
2) We explicitly calculated FPU solutions lying on q-tori by employing the method of Poincaré-Lindstedt series. Based on estimates of the leading terms of these series, we provided a theoretical law yielding the average exponential localization of the energy in Fourier space for solutions on q-tori. Furthermore, a proposition was proved which explains how different groups of modes are excited at consecutive orders of the perturbation theory. The most important conclusion from this analysis is that, if the fraction s/N is kept constant, it appears that the localization profile depends on the specific energy ε = E/N of the system, i.e., is independent of N. Some numerical evidence is provided in support of the above theoretical analysis, but further numerical work is necessary, in order to clarify the extent of its validity.
3) We explored numerically the relevance of q-tori of dimension s to the dynamics of FPU-trajectories started nearby, by exciting s modes only. The localization laws found analytically for q-tori accurately describe the localization of energy in Fourier space for the FPU-trajectories as well. We also gave numerical evidence of the existence of two regimes separated by a critical energy value. Below this energy, the localization profiles E(q) ∝ exp(−bq) have a slope b depending logarithmically on ε, while the fraction M = s/N of modes sharing the energy is constant. Furthermore, beyond this critical energy the slope of the localization profile tends to stabilize, and M tends asymptotically to the law M ∝ ε 1/2 , as q-tori of progressively higher dimension begin to describe the dynamics of the numerical FPU-trajectories.
4)
We examined the stability of q-tori using a numerical criterion provided by the GALI indices [27] , and provided numerical evidence demonstrating that the localization in Fourier space persists for energies well above the threshold value at which the underlying q-tori turn from stable to unstable.
5) Finally, we provided a heuristic argument suggesting that the exponential energy localization in q-mode space implies a particular analytical structure of the Birkhoff series obtained for associated FPU-trajectories, that could lead to improved estimates of the long term stability in the spirit of Nekhoroshev theory. In the example of FPU trajectories started close to q-breather solutions exhibiting the same energy localisation as for q-tori, our arguments suggest that in stability estimates of the form T ∼ exp(1/ε c ) it is possible to remove the bad dependence of c on the number of degrees of freedom of the problem.
Of course, further study, substantiated by numerical experiments, is needed before rigorous statements are available on this issue.
1 ≤ q (k) ≤ N, where l = |2λ n 1 (N + 1) − m n 1 |, m n 1 = |q i 1 ± q i 2 ± ... ± q j 2n 1 +1 |, λ n 1 = m n 1 + N 2(N + 1) m = |2λ n 2 (N + 1) − m n 2 |, m n 2 = |q j 1 ± q j 2 ± ... ± q r 2n 2 +1 |, λ n 2 = m n 2 + N 2(N + 1) (A2) n = |2λ n 3 (N + 1) − m n 3 |, n n 3 = |q r 1 ± q r 2 ± ... ± q t 2n 3 +1 |, λ n 3 = m n 3 + N 2(N + 1) with j 1 , ..., j 2n 1 +1 , r 1 , ..., r 2n 2 +1 , t 1 , ..., t 2n 3 +1 ∈ {1, ..., s}, n 1 + n 2 + n 3 = k − 1. Taking the last relation as well as all possible sign combinations in the sum ±l ± m ± n into account, the permitted modes at kth order are given by equations of the form q (k) = |2(±λ n 1 ± λ n 2 ± λ n 3 ± g)(N + 1) + (±q i 1 ± q i 2 ± . . .
provided that 1 ≤ q (k) ≤ N, where g = 0 or 1, and i 1 , i 2 , . . . , i 2k+1 ∈ {1, . . . , s}. After a possible sign reversal within | · |, not affecting the absolute value, the expression q (k) = |2(±λ n 1 ± λ n 2 ± λ n 3 ± g)(N + 1) + (±q i 1 ± q i 2 ± . . . ± q i 2k+1 )| always resumes the form
where m k = |q i 1 ± q i 2 ± . . . ± q i 2k+1 | and λ is an integer number. However, by the second restriction of (A3), namely 1 ≤ q (k) ≤ N, one necessarily has that λ = [(m k + N)/2(N + 1)], which concludes the proof of the proposition.
APPENDIX B: ESTIMATES ON LOCALIZATION PROFILES
The products Q 
